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1 Introduction 

Let f2, ft' be two bounded Stein domains (or manifolds) with smooth strictly 
pseudoconvex boundaries Xq, Xq (these are compact contact manifolds), and /o 
a contact isomorphism Xq Xg. If IHIojHq denote the spaces of CR functions 
(or distributions) on Xo,Xq (boundary values of holomorphic functions), S,S' 
the Szego projectors,^ the map Eq : u ^ S'{u o f^^) : Hq — > Hq is Predholm 
(it is an elliptic Tocplitz FIO). The index of Eq was introduced by Epstein [18], 
who called it the relative index of the two CR structures. A formula for the 
index was proposed in [26]. A special case was established in [20], and a proof 
of this index formula in the general case was given by C. Epstein [18], based on 
an analysis of the situation using the "Heisenberg-pseudodifferential calculus" . 
In this paper we propose a simpler proof based on equivariant Toeplitz-operator 
calculus, which gives a straightforward view. 

It is awkward to keep track of the index in the setting of Toeplitz operators 
on Xq and Xq alone, because we are dealing with several Szego projectors, and 
Toeplitz operator calculus controls the range HI of a generalized Szego projector 
at best up to a vector space of finite rank^ 

To make up for this, we use the ball O c C x O defined hy tt < (f) where 
t is the coordinate on C, (f) is a smooth defining fimction {(f) = 0,d(f> ^ on 
Xo = d^l, (j) > inside - note that this is the opposite sign from the usual 
one) chosen so that Log^ is strictly plurisubharmonic, so that the boundary 

X = dfl is strictly pseudoconvex; such a defining function always exists, e.g. 
we can choose (j) strictly pseudoconvex. X is then a compact contact manifold 
with (positive) action of the circle group U{1). We will identify Xq with the 
submanifold {0} x Xq of X. 

We perform the same construction for O': we will see that there exists 
an equivariant germ near Xq of equivariant contact isomorphism f : X ^ 
X' extending /o such that i' o / is a positive multiple of t, and an elliptic 
equivariant Toeplitz FIO E extending Eq, associated ^ to the contact map /; 
the holomorphic spaces H, H' split in Fourier components Hfc,]H['^ on which the 
index is repeated infinitely many times. This construction has the advantage of 

^ The definition of S requires choosing a smooth positive density on Xq ; nothing of what 
follows depends on this choice. 

^ There is no index formula for a vector bundle elliptic Toeplitz operator, although there 
is one for matrix Toeplitz operators - a straightforward generalisation of the Atiyah-Singer 
formula, cf. [6]. 

^ / is associated to E in the same manner as a canonical map is associated to a FIO. 
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taking into account the geometry of the two fiUings CI, fl', which obviously must 
come into the picture. 

The final result can be then expressed in terms of an asymptotic version 
of the relative index (G-indcx) of E, derived from theory of M.F. Atiyah [4]: 
the asymptotic index, described in §4.4, ignores finite dimensional spaces and is 
well defined for Toeplitz operators or Toeplitz systems; it is also preserved by 
suitable contact embeddings. 

The asymptotic cquivariant trace and index arc described in §2,3. The rel- 
ative index formula is described and proved in §4. 

2 Equivariant trace and index 
2.1 Equivariant Toeplitz Operators. 

Let G be a compact Lie group with Haar measure dg {J dg = 1), q its Lie 
algebra, and X a smooth compact co-oriented contact manifold with an action 
of G: this means that X is equipped with a contact form A (two forms define 
the same oriented contact structure if they are positive multiples of each other); 
G acts smoothly on X and preserves the contact structure, i.e. for any g the 
image gf*A is a positive multiple of A; replacing A by the mean J g,,Xdg, we may 
suppose that it is invariant. The associated symplectic cone S is the set of 
positive multiples of A in r*X, a principal M+ bundle over X, a half-line bundle 
over X. 

We also choose an invariant measure dx with smooth positive density on X, 
so Z/^ norms are well defined. The results below will not depend on this choice. 

It was shown in [10] that there always exists an invariant generalized Szego 
projector S which is a self adjoint Fourier-integral projector whose microsupport 
is E, mimicking the classical Szego projector. S extends or restricts to all 
Sobolev spaces; for s € M we will denote by H^**) the range of S in the Sobolev 
space H^{X), and by H the union. 

A Toeplitz operator of degree to on H is an operator of the form / h- > 
Tgf = SQf, where Q is a pseudodifferential operator of degree to. Here we use 
pseudodifferential operators in a strict sense, i.e. in any local set of coordinates 
the total symbol has an asymptotic expansion q{x, ^) ^ X]jt>o Qm-kix, £,) where 
Qm-k is homogeneous of degree m — k with respect to ^, and the degree to and 
fc > are integers A Toeplitz operator of degree to is continuous HI^*' 
jj(,s-m) j-Qj. s. Recall that Toeplitz operators give rise to a symbolic calculus, 
microlocally isomorphic to the pseudodifi'erential calculus, that lives on S (cf. 
[10]). 

In particular, the infinitesimal generators of G (vector fields determined by 
elements ^ G fl) define Toeplitz operators of degree 1 on H. An element P of 
the universal enveloping algebra U{q) acts as a higher order Toeplitz operator 

We will occasionally use as multipliers operators of degree m = 5 (or any other complex 
number), with k still an integer in the expansion. 
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Px (cquivariant if P is invariant) , and the elements of G act as unitary Fourier 

integral operators - or "Toeplitz-FIO" . 

H (with its Sobolev eounterparts) sphts according to the irreducible repre- 
sentations of G: H = H„. 

Below we will use the following extended notions: an equivariant Toeplitz 
bundle E is the range of an equivariant Toeplitz projector P of degree on a 
direct sum H^. The symbol of E is the range of the principal symbol of P; it is 
an equivariant vector bundle on X. Any equivariant vector bundle on X is the 
symbol of an equivariant Toeplitz bundle (this also follows from [10]). 

2.2 G-trace 

The G-trace and G-index (relative index in [4]) were introduced by M.F. Atiyah 
in [4] for equivariant pseudodifferential operators on G-manifolds. The G-trace 
of such an operator A is a distribution on G, describing tr (go A). Here we adapt 
this to Toeplitz operators. Because the Toeplitz spaces H or E are really only 
defined up to a finite dimensional space, their G-trace or index are ultimately 
only defined up to a smooth function, i.e. they are distribution singularities on 
G (distributions mod C°°); they are described below, and renamed "asymptotic 
G-trace or index" . 

If E, F are equivariant Toeplitz bundles, there is an obvious notion of Toeplitz 
(matrix) operator P : E — > F, and of its principal symbol (Jd{P) (if it is of degree 
d), a homogeneous vector-bundle homomorphism E ^ F over S. P is elliptic 
if its symbol is invertible; it is then a Fredholm operator E" F""'' and has an 
index which does not depend on s. 

If E is an equivariant Toeplitz bundle and P : E ^ E is a Toeplitz operator 
of trace class^ (degP < — n), the trace function^ Trp(g) = tr (5 o P) is well 
defined; it is a continuous function on G. It is smooth if P is of degree —00 
(P 0). If P is equivariant, its Fourier coefficient for the representation a is 
g^trP|E^ (with da the dimension of a, E^ the a-isotypic component of E). 

Definition 1 We denote by charg C E the characteristic set of the G-action, 
i.e. the closed suhcone where all symbols of infinitesimal operators Tj,^ G q 
vanish (this contains the fixed point set Yp ). 

The fixed point set X'^ is the base of Yp because G is compact (there is an 
invariant section). The base Z of charg is the set of points of X where all Lie 
generators 1/^,^ € 0, are orthogonal to A. It contains the fixed point set X^ . 

^ dimX = 2n — 1. The Toeplitz algebra is microlocally isomorphic to the algebra of 
pseudodifferential operators in n real variables, and operators of degree < — n axe of trace 
class. 

® We still denote by g the action of a group element g through a given representation; for 
example if wc are dealing with the standard representation on functions, gf = f °g~^, also 
denoted by g*/, or 9"^*/- 
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Note that E*^ is always a smooth symplcctic cone and its base X*^ is a smooth 
contact manifold; charg and Z may be singular. 

The following result is an immediate adaptation of the similar result for 
pseudo differential operators in [4]. 

Proposition 2 Let P : E — > E he a Toeplitz operator, with P ^ near charg 
(i.e. its total symbol vanishes near charg). Then Trp = tr{goP) is well defined 
as a distribution on G. If P is equivariant, we have, in distribution sense: 

eta 

where a runs over the set of irreducible representations, da is the dimension 
and Xa the character. 

We have seen above that this is true if P is of trace class. For the general case, 
let Dg be a bi-invariant elliptic operator of order m > on G (e.g. the Casimir 
of a faithful representation, with m = 2). Since Dq is in the center of U{g), 
the Toeplitz operator Dx : E — > E it defines is invariant, with characteristic set 
charg. 

If P ~ near charg, we can divide it repeatedly by Dx (modulo smoothing 
operators) and get for any N: 

P = D^Q + R with R ~ 0. 

The degree of Q is deg P — A^deg {Dg), so it is of trace class if N is large enough. 
We set Tr? = Z^^Tr^ + Trg: this is well defined as a distribution; the fact that 
this does not depend on the choice of Dg, N, Q, R is immediate. 

Formula (1) for equivariant operators is obvious for trace class operators, 
and the general case follows by application of D^ and Dq. Note that the series 
in the formula converges in the distribution sense, i.e. the coefficients have at 
most polynomial growth. 

Slightly more generally, let (E, d) 

. E, ^ E,+i . . . 

be an equivariant Toeplitz complex of finite length, i.e. E is a finite sequence Efe 
of equivariant Toeplitz bundles, d = {dk ■ ^ ^k+i ) a sequence of Toeplitz 
operators such that d^ = 0. If the (degree zero) endomorphism P = {Pfe} of the 
complex E is ~ near charg, its supertrace Trp = X](— l)''Trp^ is well defined; 
it vanishes if P = [Pi, P2] is a supercommutator with one factor ^ on charg. 

2.3 G index 

Let Eo,Ei be two equivariant Toeplitz bundles. An equivariant Toeplitz opera- 
tor P : Eo ^ El is G-elliptic (relatively elliptic in [4]) if it is elliptic on charg. 
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i.e. the principal symbol o-{P), which is a homogeneous equivariant bundle 
homomorphism Eq Ei, is invertible on charg. 

Then there exists an equivariant Q : Ei — > Eq such that QP Ieq , PQ ^ 1ei 
near charg. The G-index Ip is then defined as the distribution Tr f_Qp — 

More generally/ an equivariant complex E as above is G-elliptic if the princi- 
pal symbol cr((i) is exact on charg. Then there exists an equivariant Toeplitz op- 
erator s = (,Sfe : Efe Efe-i) such that 1— [d, s] ^ near charg {[d, s] = ds + sd). 
The index (Euler characteristic) is the super trace I^^-^ = str(l — [d,s]) = 

E(-l)^Trf,_[,,,]). 

For any irreducible representation a, the restriction Pa : Eq.q ^ Ei,„ is a 
Fredholm operator with index !„, (resp. the cohomology ff* of d |e„ is finite 
dimensional), and we have 

Ip =J2 l-^«Xc< (resp. I^^j^) = — — dimiJ^ Xa)- 

3,ot 

The G-index 7^ is obviously invariant under compact perturbation and defor- 
mation, so it only depends on the homotopy class of (j{P) once Ej has been 
chosen; it does depend on a choice of Ej (on the projector that defines it, or on 
the Szego projector), because Ej is determined by its symbol bundle only up to 
a finite dimensional space; this inconvenience is removed with the asymptotic 
index below. 

It is sometimes convenient to note an index as an infinite representation 

(mod finite representations) X^ "(iXa- For the circle group U{1), all simple 
representations are powers of the identity representation, denoted J, and all 
representations occurring as indices have a generating scries 

Y^UkJ*^ (mod finite sums) (2) 
feez 

In fact the positive and negative parts of the series have a weak periodicity 
property: they are of the form P^[J^^)[\ — J^^)~'' for a suitable polynomial 
P± and some integer k (in other words they represent rational functions whose 
poles are roots of 1, and whose Taylor series have integral coefficients). ^ 

Here in our relative index problem, only very simple representations of the 
form E^ m J*^ = m(l — J)~^ (for some integer m) will occur. 

^ This reduces to the case of a single operator where the complex is concentrated in degrees 
and 1. 

* Something similar occurs for any compact group, cf. [4]. 
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3 K-theory and embedding 



A crucial point in the proof of the Atiyah-Singer index theorem consists in 
showing how one can embed an cUiptic system A in a simpler manifold where 
the index theorem is easy to prove, preserving the index and keeping track of 
the K-theoretic element [A]. The new embedded system F+A is analogous to 
a derived direct image (as in algebraic geometry), and the K-theorctic element 
is the image of [A] by the Bott homomorphism constructed out of Bott's 
periodicity theorem (cf.[2]). Here we will do the same for Toeplitz operators. 
The direct image -F+A is even somewhat more natural, as is its relation to 
the Bott homomorphism (§3.4). The direct image for elliptic systems does not 
preserve the exact index, since this is not defined (because the Toeplitz space 
IH is at best only defined mod a space of finite rank); but it does preserve the 
asymptotic equivariant index. 

3.1 A short digression on Toeplitz algebras 

We use the following notation: for distributions, / ^ g means that f — g is 
C°°; for operators, A^ B {oi A = B mod C°°) means that A — i? is of degree 
—Qo, i.e. has a smooth Schwartz-kernel. If M is a manifold, T*M denotes the 
cotangent bundle deprived of its zero section; it is a symplectic cone with base 
5**^^ = T'M/R+, the cotangent sphere bundle. 

As mentioned above, a compact contact G-manifold always possesses an 
invariant generalized Szego projector. More generally, if M is a G manifold, 
E C T*Af an invariant symplectic cone, there exists an associated equivariant 
Szego projector (cf [10])'. If S C T*M,E' C T'M' and / : S ^ S' is an 
isomorphism of symplectic cones, there always exists an "adapted FIO" F which 
defines a Fredholm map u Fu = S'{Fu) : H ^ H' and an isomorphism of 
the corresponding Toeplitz algebras {A FAF~-^, mod C°°). 

One can choose F equivariant if / is. Indeed any adapted FIO can be defined 
using a global phase function 4) on T*{M x M'°p) such that^ 

1) (j) vanishes on the graph of /, and dcp coincides with the Liouville form 
^ ■ dx — T] ■ dy there; 

2) lm(p ^ 0, i.e. Imcf) > outside of the graph of /, and the transversal 
hessian is 0; replacing </> by its mean gives an invariant phase; we may set 
Ff{x) = J e"^af{y)dy dr}d£, where the density a{x,^,y,r])dy dr]d^ is a symbol, 
invariant and positive elliptic {F is of Sobolev degree deg (a dy drj d£_) — j{nx+ny) 
(cf. Hormander [21]), so a is possibly of non integral degree if we want F of 
degree 0). The transfer map from H to H' is S'FS. 

If M is a manifold and X = S*M, the cotangent sphere, X carries a canoni- 
cal Toeplitz algebra, viz. the sheaf £s*m of pseudo-differential operators acting 

on the sheaf /i of microfunctions. In general, if X is a contact manifold, we will 
denote by £x (or just £) the algebra of Toeplitz operators on X. It is a sheaf 

^ op in M'°P refers to the change of sign in the symplectic form on T* M' . 



7 



of algebras on X acting on /iM = M mod C°° , which is a sheaf of vector spaces 
on X; the pair {£x,ljM) is locally isomorphic to the pair of sheaves of pseudo- 
differential operators acting on microfunctions. If X is a G-contact manifold, 
we can choose the Szcgo projector invariant, so G acts on Ex and ^x- 

For a general contact manifold, £x is well defined up to isomorphism, in- 
dependently of any embedding - but no better than that. The corresponding 
Szego projector (not mod C°°) is defined only up to a compact operator (a little 
better than that - see below). 

3.2 Asymptotic trace and index 

The symbol bundles Ej of the Toeplitz bundles Ej only determines these up to 
a space of finite dimension (because, as mentioned above, both the projector 
defining them, and the Szego projector, are not uniquely determined by their 
symbols. However, if E, E' are two equivariant Toeplitz bundles with the same 
symbol, there exists an equivariant elliptic Toeplitz operator J7 : E ^ E' with 
quasi-inverse V (i.e. VU ^ 1k,UV ^ Ig). This may be used to transport 
equivariant Toeplitz operators from E to E': P ^ Q = UPV . Then if P ~ on 
Z, Q — UPV and VUP have the same G-trace, and since P ~ VUP, we have 
Tr^ - Tig e C^{G). 

Definition 3 We define the asymptotic G-trace of P as the singularity of Trp 
(i.e. Tr^ modC°°{G)). 

The asymptotic trace vanishes iff the sequence of Fourier coefficients of Trp is 
of rapid decrease, i.e. 0{ca)~"^ for all m where Cq is the eigenvalue of Dg in 
the representation a. This is the case if P is of degree — oo. 

Definition 4 We will say that a system P of Toeplitz operators is G-elliptic 
(relatively elliptic in [4]) if it is elliptic on charg. When this is the case, the 
asymptotic G -index (or Ip) is defined as the singularity of Ip. (We will still 

denote it by Ip if there is no risk of confusion.) 

The asymptotic index depends only on the homotopy class of the principal 
symbol o'{P), and since it is obviously additive we get: 

Tiieorem 5 The asymptotic index defines an additive map from K'^{X — Z) 
to C~°° {G) / C°° {G) , where Z is, as above, the base of char q. 

By the excision theorem K'^{X — Z) is the same as K'^_^{X), the equiv- 
ariant K-theory of X with compact support in X — Z , i.e. the group of stable 
classes of triples d{E,F,u) where E,F are equivariant G-bundles on X, u an 
equivariant isomorphism E ^ F defined near the set Z (the equivalence rela- 
tion is: d{E^ _F, a) ^ if a is stably homotopic (near Z) to an isomorphism on 
the whole of X). The asymptotic index is also defined for equivariant Toeplitz 
complexes, exact near charg. 

Note that the sequence of Fourier coefficients is in any case of polyno- 

mial growth with respect to the eigenvalues of D or Dx; if P 0, it is of rapid 
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decrease. The coefScients of the asymptotic index are integers, so they are 
completely determined, except for a finite number of them, by the asymptotic 
index. 

Remark: if y is a finite dimensional representation of G and V ^ P ov V ® d 

is defined in the obvious way, we have ly^p = Xvlp (i-e. Index {V P)a = 
{V (8) Index P)q,, except at a finite number of places). 

E.g. Let G = SU2 acting on the sphere X of ^ = in the usual manner, 
and E = S"^V the m-th symmetric power . Then E x X is a. G bundle with 
the action g{v,x) = {gv,gx). The CR structure on the sphere gives rise to 
a first Szego projector Si{v ■ f) = v ■ S{f), where S is the canonical Szego 
projector on holomorphic functions. On the other hand since X is a free orbit 
of G, the bundle E x X is isomorphic to the trivial bundle Eq x X where Eq 
is some fiber (i.e. the vector space of homogeneous polynomials of degree m, 
with trivial action of G). This gives rise to a second Szego projector So, not 
equal to the first, but giving the same asymptotic index; we recover the fact 
that S'^V ® J2 S'^V ~ (to + 1) X; S'^V (= in degree > to). 

3.3 £^-modules 

For the sequel, it will be convenient to use the language of 5-modules. In the G°° 
category, £ is not coherent; general f-modulc theory is therefore not practical 
and not usefully related to topological K-theory. We will just stick to the two 
useful cases below (elliptic complexes or "good" modules). Note also that the 
notion of ellipticity is slightly ambiguous; more precisely: a system of Toeplitz 
operators (or pseudo-differential operators) is obviously invertible mod C"^ if its 
principal symbol is, but the converse is not true. The notion of "good" system 
below partly compensates for this; it is in fact indispensable for a good relation 
between elliptic systems and K-theory. 

If M is an ^-module (resp. a complex of £ modules), it corresponds to the 
system of pseudo-differential (resp. Toeplitz) operators whose sheaf of solutions 
is Hom (Al, ^H); e.g. a locally free complex of {L,d) off-modules defines the 
Toephtz complex (E, D) = Hom (L, H). 

More generally we will say that an f-module Ai is "good" if it is finitely 
generated, equipped with a filtration At = IJA^fe (i-e. £pMq = Mp+q, {~\Mk = 
0) such that the symbol grAl has a finite locally free resolution. We write 
<j{M.) = M.q/M.-\, which is a sheaf of C°° modules on the basis X; since there 
exist global elliptic sections of £, gvM is completely determined by the symbol, 
as is the resolution. 

A resolution of a{M.) lifts to a "good resolution" of M., i.e. a finite locally 
free resolution oi M. 

Things work better in the analytic category. 

The converse is not true: if a! is a locally free resolution of M, its symbol is not necessarily 
a resolution of the symbol of - if only because filtrations must be defined to define the 
symbol and can be modified rather arbitrarily. 
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It is standard that two resolutions of (t{A4) arc homotopic, and if (t(A^) 
has locahy finite locally free resolutions it also has a global one (because we 
are working in the C°° category on a compact manifold or cone with compact 
support, and dispose of partitions of unity); this lifts to a global good resolution 
of A^. 

li A4 is "good", it defines a K-thcorctic element [A4] G Ky{X) (where Y is 
the support of a{M j), viz. the K-theoretic element defined by the symbol of 
any good resolution (this does not depend on the resolution since any two such 
are homotopic). 

All this works just as well in presence of a G-action (if the filtration etc. is 

invariant). 

As above (§2.2), the asymptotic G-trace Tr^ [using subscripts as before] is 
well defined if A is an endomorphism of a good locally free complex of Toeplitz 
modules. The same holds for a good module A4: the asymptotic trace of A € 
Endi£(M) vanishing near char 5 is the asymptotic trace of any lifting of A to a 
good resolution of M. . (Such a lifting, vanishing near char g exists and is unique 
up to homotopy, i.e. modulo supercommutators.) Likewise, the asymptotic G- 
index of a locally free complex exact on Z, or of a good f -module with support 
outside of Z, is defined: it is the asymptotic G-trace of the identity. 

Definition 4 of the asymptotic index (or Euler characteristic) extends in 

an obvious manner to good complexes of locally free 5-modules or to good 
f-modules. The asymptotic G-index of such an object, when it is G-elliptic, 
depends only on the K-theoretic element which it defines on the base. 

Let us note that the asymptotic trace and index are still well defined for 

locally free complexes or modules with a locally free resolution, not necessarily 
good; in that case, what no longer works is the relation to topological K-theory 
on the base. 

3.4 Embedding 

If M is a manifold, E c T*M a symplectic subcone, the Toeplitz space HI is 
the space of solutions of a pseudodifferential system mimicking di,. If I C £ 
is the ideal generated by these operators (mod G°°), and Ai = £/I, we have 
fjM = H.om£{A4, fj,) (as a sheaf: / G Hom(Al,/i) 1-^ /(I); here as above n 
denotes the sheaf of microfunctions). E.g. in the holomorphic situation, I is the 
ideal generated by the components of db- 

We have Endf (A^) = [I ■ I], the set of pseudo-differential operators a such 
that la C /, acting on the right: if a G [I ■ I], the corresponding endomorphism 
of M takes / (mod /) to fa (mod /); this vanishes iff a G /. The map which 
takes a €[/:/] to the endomorphism / i-^- a/ of H defines an isomorphism 
from End£{M) to the algebra of Toeplitz operators mod C°°. A4 is thus an 
£t'M—£t. bimodule (where £y, — End^ denotes the sheaf of Toeplitz operators 
mod C°°). 
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This extends immediately to the case where T*M is replaced by an arbi- 
trary symplectic cone^^ S". The small Toeplitz sheaf jjM can be realized as 
Hom£//(A^, /iH"), where M = £" /I and I C £" is the annihilator of the Szego 
projector 5 of E (i.e. the null-sheaf of / in Horn £// (7W , H") = ^M). IfP is a 
(good) f -module, the transferred module ]sM.®e'Pi which has the same solution 
sheaf (Hom(7W 0P,H") = Hom(P,Hom(A^,H")) and Hom(A^,e") = H). 
Thus the transfer preserves traces and indices. 

The module M. = £" /I is generated by 1 (mod /) and has a natural filtration, 
which is a good filtration: in the holomorphic case, the good resolution is dual 
to the complex db on (0, *) forms. 

In general it always has a good locally free resolution, well defined up to 
homotopy equivalence. In a small tubular neighborhood of S one can choose 
this so that its symbol is the Koszul complex on /\N', where N' is the dual of the 
normal tangent bundle of S equipped with a positive complex structure (as in 
the holomorphic case). The corresponding K-theoretic element [A^] G K§{Ti") 
is precisely the element used to define the Bott isomorphism (with support 
F C E) K^{T,) K^CE"). (Here, Y some set containing the support of a{M) 
and the map is the product map: [E] [A^][i?], where the virtual bundle [E] 
on S is extended arbitrarily to some neighborhood of E in E".) 

For example if E" is \ {0}, with Liouville form Im^ • dz and base the 
unit sphere X" = §^^^^), H" is the space of holomorphic function boundary 
values, E C E" consists of the nonzero vectors in the subspace zi = ■ ■ ■ = 
Zk = 0, and X c X" is the corresponding subsphere, then H consists of the 
functions independent of zi, . . . , Zfe, and / is the ideal spanned by the Toeplitz 
operators Tq^ , ■ ■ ■ Tq^. . In this example the ideal / is generated by zi, . . . , Zfe, or 
hyT^.,j = 1 ... fc (On the sphere we have Tg^. = {A+N)T^. with A = T^w ^^g^). 
The 5-module M itself has a global resolution with symbol the Koszul complex 
constructed on zi, . . . ^Zk- 

What precedes works exactly as well in the presence of a compact group 
action. If P is a good module with support outside of Z (or a complex with 
symbol exact on Z), the transferred module has the same property {Z c Z"), 
and it has the same G-index (the G-index of the complex Yi.ova.£{M.,M) ~ 
Hom£-"(Al",H")). 

If X,X" are (compact) contact G-manifolds, f : X ^ X" an equivariant 
embedding, V a good G — 5-module with support outside of Z (the base of 

charg in E), or a Toeplitz complex, exact on the transferred module on X is 
/+P = M ®},£' f^V. This is exact outside of /(E) and has the same G-index 
as V; its K-theoretic invariant [P\ is the image of \P\ by the equivariant Bott 
homomorphism. The K-theoretic clement [f+V] € K'^_2{X) is the image of 
\P\ by the Bott homomorphism (it is well defined since f{Z) C Z"). Thus 

We use a double prime here because, eventually, we will be embedding two cones in a 
third one. 
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Theorem 6 Let f : X X" he an equivariant embedding. The Bott homomor- 
phism K'^_2;{X) K'^i,_z"{X") commutes with the asymptotic G index. 

It is always possible to embed a compact contact manifold in a canonical 
contact sphere with linear G-action. In fact, it is easier to work with the corre- 
sponding cones, as follows: 

Proposition 7 Let Tt be a G-cone (with compact base), X a horizontal 1-form, 
homogeneous of degree 1, i.e. pjX = and LpX = X, where p is the radial vector 

field, generating homotheties. Then there exists a homogeneous embedding x ^ 
Z{x) of Ti in a unitary representation space of G such that X = Imz ■ dz. 

In the lemma, Z must be homogeneous of degree i. This applies of course if S 
is a symplectic cone, A its Liouville form. (The symplectic form is co = dX and 
A = pjoj). 

We first choose a smooth equivariant function y = {jjj), homogeneous of 
degree ^, realizing an equivariant embedding of S in y — {0}, where F is a real 
unitary G- vector space (this always exists if the base is compact; (the coordi- 
nates Zj on V are homogeneous of degree ^ so that the canonical form Im z ■ dz 
is of degree 1)). Then there exists a smooth function x = {xj) homogeneous 
of degree ^ such that X = 2x ■ dy. We can suppose x equivariant, replacing 
it by its G-mean if need be. Since y is of degree | we have 2p_idy = y hence 
X ■ y = pjA = 0. Finally we get 

X = Imz ■ dz with z = x + iy. 

4 Relative index 

As indicated in the introduction, we are considering the index of the Fredholm 
map Eq-.u^ S'iuof-'^) from Hq to Wq, where Xq, are the boundaries of two 
smooth strictly pscudoconvcx Stein manifolds M.,M' the spaces CR dis- 

tributions (ker db , equal to space of boundary values of holomorphic functions) , 
S, S' the Szego projectors, and /o a contact isomorphism Xq ^ Xq. 

As announced we modify the problem and move to the larger boundaries 
X,X' of "balls " < (j),\t'\^ < ^' in C X ri,C X ft', on which the circle 
group acts {t ^ e^H) (§4.1). We will see (§4.2) that the Toeplitz FIO £^0 
defines almost canonically an equivariant extension F which is J7(l)-elliptic, and 
Index (F|H;i) = Index (i^o) for all k (Hfc C W{X) is the subspace of functions 
/ = t''g{x)), so that our relative index Index (£^o) appears as an asymptotic 
equivariant index, easier to handle in the framework of Toeplitz operators. 

In §4.3 we will show that the whole situation can be embedded in a large 
sphere, with action of f/(l) as in the examples above. In the final result (section 

As mentioned above the interplay between the Bott isomorphism and embeddings of 
systems of differential or pseudodifferential operators lies at the root of Atiyaii-Singer's proof 
of the index theorem; it is described in Atiyaii's works [1, 2, 3, 4], cf also [11] in the context 
of holomorphic D-modules, close to the Toeplitz context. 
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4.4) the relative index appears as the asymptotic index of an cquivariant U{1)- 
elliptic Toeplitz complex on this large sphere. In general the equivariant index 
(asymptotic or not) is rather complicated to compute, but in our case the U{1)- 
action is quite simple it reduces naturally to the standard Atiyah-Singer 
K-theoretic index formula on a symplectic ball. The result is better stated in 
terms of K-theory anyway, but it can be translated via the Chern character in 
terms of cohomology or integrals. We give here a (rather clumsy) cohomological- 
integral translation, essentially equivalent to the result conjectured in [26] . 

We will also see below (§4.2) that /o has an almost canonical extension / 
near the boundary, well defined up to isotopy, not holomorphic but symplectic. 
We can then define a space Y by gluing together 1+, y_ by means of /. Y is not 
a Hausdorf manifold, but it is symplectic and both 1 + ,F_ carry orientations 
which agree on their intersection (as do the symplectic structures). We can 
further choose differential forms representatives of the Todd classes of Y± so 
that they are equal near the boundary Xq (the symplectic structures agree, not 
the complex structures, but they define the same Todd classes). 

Theorem 8 The relative index (index o/Eq) is the integral ^yiy^ — v^), where 
v± are representatives ofTodd(Y±) as above, so that the difference has compact 
support inY — Xq. 

This will be explained in more detail below (§4.4). This formula is related to 
the Atiyah-Singer index formula on the glued space Y, but is not quite the same 
since Y is not a symplectic manifold. 

To prove the index theorem we will give an equivalent equivariant description 
of the situation, where the index of Eq is repeated infinitely many times, and 
embed everything in a large sphere where the index is given by the K-theoretic 
index character (§4.4). 

4.1 Holomorphic setting 

Let fl he a strictly pseudoconvex domain (or Stein manifold), with smooth 
boundary Xq (Q = O U Xq is assumed to be compact); we write O c C x O the 
ball |tp < (p, where (f> is a defining function {(p = 0,d(j> on Xq, > inside), 
chosen so that the boundary X = is strictly pseudoconvex, i.e. Log^ is 
strictly plurisubharmonic (i.e. Imdd^ ^ 0). 

The circle group U{1) acts on X by {t,x) i— > {e^^t,x). We choose as volume 
element on X the density dd dv where dv is a smooth positive density on fl 
{t = e^^\t\): this is a smooth positive density on X; it is invariant by the action 
of U{1), so as the Szego projector S and its range H, the space of boundary 
values of holomorphic functions. 

The infinitesimal generator of the action of U{1) is d$, and we denote by D 
the restriction to H of jd$, which is a self-adjoint, > 0, Toeplitz operator. D is 
the restriction of TfTg^ . 

it is free on the support of the K-theoretic symbol of our complex. 
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The model case is the sphere §^^+^ c C^+^ with the action 
{t = zo,z={zi,..., zn)) ^ (e'^t, z). 

The Fourier decomposition of H 

m = ®k>o Hfe (Mfe = ker {D - k) ) 

corresponds to the Taylor expansion of holomorphic functions: the fc-th compo- 
ncnt of / = ^ fk{x)t'^ e H is fktK 

Hq identifies with the set of holomorphic functions on Xq (it is the set of 
boundary values of holomorphic functions on f2 with moderate growth at the 
boundary, i.e. |/| < est d{-,XQ)~^ for some A'', where d{-,Xo) is the distance 
to the boundary). 

Remark: If / = t'^g{x) with, in particular if / e Hfc, its L'^{X) norm is 

\\f\\mx) = ^^jj''^'\9{xrdv 

where as above dv is the chosen smooth volume element on J7. The restriction 
of the Szego projector to functions of the form t''g{x) is thus identified with 
the orthogonal projector on holomorphic functions in L'^{U,(j)''^^dv). Such se- 
quences of projectors were considered by F.A. Berezin [5] and further exploited 
by M. Englis [14, 15], whose presentation is closely related to the one used here. 

For the sequel, it will be convenient to modify the factorisation D = tdt- We 
begin with the easy following result. 

Lemma 9 Let D = PQ be any factorisation where P, Q are Toeplitz operators 
and [D,P] = P. Then there exists a (unique) invariant invertible Toeplitz 
operator U such that P = tU, Q = U~^dt. 

Indeed it is immediate that any homogeneous function a on cr such that 
idea = ±a is a multiple mt of t (resp. of t), with m invariant. For the 
same reason (or by successive approximations) a Toeplitz operator A such that 
[D,A] = ±^ is a muhiple of TtM (or M'Tt) Tt with M or M' invariant (resp. 
of Tg^, on the right or on the left) . Thus in the lemma above we have P = 
TtU,Q = U'Tg^ , where U, U' are Toeplitz operators which necessarily commute 
with D, and are elliptic and inverse of each other. 

Note that D = PQ,[D, P] ^ P is equivalent to D ^ PQ,[Q, P] ^ 1. 

In particular, since D = D* = TqT^, there exists a Toeplitz operator A 
such that Tq^ = AT^. A is elliptic of degree 1 (in fact invertible), positive since 
D = TfAT^ is self-adjoint > 0; it is also invariant: [D, A] = 0. 

Definition 10 We will set T = TfA^ ; its symbol is denoted by cr{T) = r. 
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Note that T is homogeneous of degree i, and T is of degree so it is not a 
Toephtz operator in our strict sense, but for multiphcations and automorphisms 
P I— > UPU~^ it is just as good. We have 

T* = A^T*, [D,T] =T. D = TT* (3) 

(for any other such factorisation D = BB* with [D, B] = B, B is of degree 5, 
and we have B = TU with U invariant and unitary. T is the unique ToepUtz 
operator giving such a factorisation and such that T = T^A' with A' a ToepUtz 

operator of degree i, ^4' ^ 0). 

In what precedes, aU = signs can be replaced by ~ (= mod C°°); we then 
get local statements. 

The symbol t = o-{T) is the unique homogeneous function of degree | such 
that a{D) = |rp,5er = ir, f > 0. 

We also have the following (easy) local result: 

Lemma 11 Given any ToepUtz operator JC (mod C°° ) on H such that D ~ 
/C/C*, [D,IC] = K. near the boundary, there exists a unique unitary equivariant 
ToepUtz FIO F such that F|ho Id, FT ^ KF. 

The geometric counterpart is: given any function fc on E homogeneous of degree 
i such that (t(_D) = kk there exists a unique germ of homogeneous symplectic 
isomorphism / such that /|Eo=Id,fco/ = T. This is immediate because the 
two hamiltonian pairs Hr,Hf, Hk,Hj. define real 2-dimensional foliations, and 
an isomorphism E ^ Eo x C near Eo. Note that this would not work if we 
replaced k, k by two functions a, b such that a{D) = ab, doa = ia but not b = a, 
because then the 'foliation' defined by the Hamiltonian vector fields Ha, Hi,, 
although it is formally integrable, is not real. 

The operator statement follows, e.g. by successive approximations. Note 
that F is completely determined by its restriction Fq if it commutes with T. 
(In fact in fs, the commutator sheaf of T and T* identifies with the inverse 
image of £y.q - at least as far as the leaves of the Hamiltonian fields Hr,Hr* 
define a fibration over Eq: St. is the (completed) tensor product of the Toeplitz 
algebra Toepl(T, T*) generated by T and T* and this commutator: E^, ^ ® 
Toepl(T, T*) (in a neighborhood of Eq). In this statement, {T,T*) cannot be 
replaced by (Tt,TaJ whose commutator sheaf is only defined in the algebra of 
jets of infinite order along So, because the Hamiltonian leaves are complex, no 
longer real.) 

Note that, in our case, the base of charg is the boundary Xq (the set of fixed 
points), outside of which D is elliptic. 

4.2 Collar isomorphisms 

Let now Q,' be another strictly pseudoconvex domain (or Stein manifold) with 
smooth boundary X' . We do the similar constructions 01 , H', and D' , ■ ■ ■ as in 
the previous subsection. Let /o : ^ X'q be a contact isomorphism. 
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We define the Fourier Toeplitz Eq : u S'(u o : H ^ H', which IS a 
Predholm operator. It will be convenient to replace Eq by Fq = {EqEq)~^ Eq, 
which has the same index and is ~ unitary (EqEq is an elliptic > Tbeplitz 
operator on H'; (£'o-E'o)~^ is defined to be on ker Eq (mod C°° would be 
quite enough). As for 17, we construct a Toeplitz operator T' such that D' = 
T'T'*, [D'T] = T,T^^T' > 0. 

Exactly as in Lemma 4.2, there exists a unique (unitary) Toeplitz FIO F, 
defined near the boundary Xq and mod C°°, elliptic, such that i^|Ho = Pa-, and 
FT ~ T'F near the boundary (mod C°°). 

The geometric counterpart is: there exists a unique equivariant germ of 
contact isomorphism f : X ^ X' (defined and invertible near the boundary) 
such that f\xo = fo, r' = r o /. 

We may extend F, using an invariant cut off Toeplitz operator, so that 
it vanishes (mod C°°) away from the boundary. There is an invariant FIO 
parametrix F' , i.e. F'F ~ l]a,FF' ~ 1h', near the boundary. 

Proposition 12 For any k, Fk = F\u^. has an index, equal to Index Fq. 

Proof: both F' F and FF' are invertible on the bomidary, so have a G-indcx; 
the index of Fk = F\m^ is tr (1 - F'F)k - tr (1 - FF')k. Now T, resp. T' is 
an isomorphism Hfc — > Hfc+i, resp. H'j, ^k+i' and we have Index(Ffc+iA) = 
Index (^'i^fe), so Index Ffe+i = Index Ffe, i.e. the index does not depend on k 
and is equal to Index E'q.^^ 

The asymptotic index is stable by embedding; here the index is constant, 
and the asymptotic index of E (which is essentially a Toeplitz invariant) gives 
the index of Fq itself. 

4.3 Embedding 

Theorem 13 Let f : X ^ X' be a collar isomorphism defined in some invari- 
ant neighborhood of Xq in X . Then for large N there exists equivariant contact 
embeddings U : X ^ S^^+\ U' : X' ^ S^w+i ^^^f^ ^^^^ U = U' o f near the 
boundary, and tx,t'x' rnap to positive multiples oft§2N+i (as above the contact 
sphere §^-'^+^ is equipped with the U{l)-action {t,z) {e^^t,z)). 

As usual, it will be more comfortable to work with the symplectic cones. The 
symplectic cone of X is S = 1R+ x X, where we choose the radial coordinate 
invariant. 

The symbol of £> is rr with r/t > as in Definition 10. The Liouville form 

is Im (fdr) + Aq where Aq is a horizontal form, i.e. the pull-back of a form on 
Sb = ;7(1)\S ~ IR+ X 17 (equivalcntly: ^ejAo = Lq^Xq = 0). 

For a more general situation where P is a Toeplitz operator elliptic on Xq, or where the 
canonical Szego projector is replaced by some other general equivariant one, we would only 
get that the index Index (P^ ) is constant for fe S> 0. Here the fact that Index Pj, = Index Pq 
is obvious but important. 
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Lemma 7 provides an embedding x i-^ zt (x) of Sfe in - {0} (with the 
trivial action of J7(l)). We now choose ipi, ^2 invariant, homogeneous of degree 
0, such that Vi + V'2 = 1' with supp'i/'i is contained in the domain of definition 
of / and ijj2 vanishing near the boundary, and we construct a new embedding z 
in 3 pieces: z = (zi, Z2, 23) with Zi = tpiZo, Z2 = fp^Zo, 2:3 = in , N" to be 
defined below. 

Since ImzjZjrpjd'tpj = (zjZjijjjdijjj is real) wc still have Im (zi • dzi + i~2 • 
dz2) = (V'l + V'D-'-^-^o • dzQ = Imzb • dzo inducing Aq. The first embedding 
?7 = (r, w) : S ^ C^+^ {N = 2N' + N"). 

Similarly there exists an embedding x' 1— > z'q{x') of in C''^ — {0} (with 
the trivial action of U{1)). 

We replace this by z' = {z[,Z2, -Zg) with z[ = ip{zi o Z2 = 0, = ^gZg 
where Vii V's again are invariant, homogeneous of degree 0, V'l + ^''3 = !> and 
supp-f/ij^ is contained in the domain of definition of /~^, V'a vanishes near the 
boundary. This also defines an embedding U' = {a',z') : S' C^+^; we have 
U = U' o f near the boundary since ^2) V's vanish there. 

4.4 Index 

We arc now reduced to the case where both C/(l)-manifolds X, X' sit in a large 
sphere S = S^^"*"^ and coincide near the set of fixed points §o- 

As in the preceding section 4.3 we can embed the U{1) sheaves /iHx, fjSIx' 
as sheaves of solutions of two good equivariant £§- modules Mx,-Mx', and the 
identification F gives an equivariant Toeplitz isomorphism F near Xq (we can 
make the construction so that A4x = A^x', = Id near Xq). 

The asymptotic index then only depends on the difference element 

d{[Mx],[Mx'],a{F)) G if^«(§-§o). 

Now f7(l) acts freely on S — So, with quotient space ?7(1)\(S — So) the open 
unit ball I2JV C C^. We have 

Proposition 14 The pull back map is an is omorphism K{M) i^'^(^)(§-§o)- 
We have K{M) ~ Z, with generator the symbol of the Koszul complex kx at 

the origin ( or any point of the interior), whose index is 1 . 

Its pull-back is the generator of K^^^{S): the symbol is the same, but now 

acting on H(S). Its index is J'' = {1 — J)~^ , where (as in {2)) J is the 

tautological character ofU{\): J{e^^) = e^^ . 

The first assertion is immediate (cf. [4]): if G is a compact group acting freely 
on a space Y , the pull back defines an equivalence from the category of vector 
bundles on G\Y to that of G-vcctor bundles on Y (an inverse equivalence is 
given by i? G\E), and this induces a bijection on K-theory (with supports). 

The fact that defines the generator of K{M){— Ko{M) is just a restatement 
Bott's periodicity theorem. Its puUback is then the generator of K^^^\§ — So): 
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the corresponding complex of Toeplitz operators is then the standard Koszul 
complex, acting on holomorphic functions, whose index is the space of holomor- 
phic functions of Zq = t alone. 

Thus if [u] e /^^(^^(S - §o), its asymptotic index is m(l - J)~'^ (with the 
notation of §2.3), where the integer m is the value of the K-theoretic character 
K{M) on the element [wb] whose pull-back is [u]. 

Let us now come back to our index problem: we have constructed the dif- 
ference bimdlc d{[A4x]: [A4x'], o'(F)). We may replace A4x,.Mx' by good res- 
olutions in small equivariant tubular neighborhoods of X, resp. X' , whose 
K-theoretic symbol is the Bott element - the Koszul complex for a positive com- 
plex structure on the normal symplcctic bimdle of X, resp. X'. F lifts to the 
resolutions (uniquely up to homotopy), and the symbol of the lifting u is an 
isomorphism near Xq (we can make the construction so that u = ld near Xq), 
so our K-thcorctic element is [v] = d{0x , Px' ,u) (the equivariant K-theoretic 
element attached to the double complex defined by v). 

Theorem 15 Let m be the index of Eq we are investigating. Then, notations 
and embeddings being as above, _ 

1 ) the asym,ptotic index of our equivariant extension F) is the asymptotic 
index of the difference element [u] = d{j3x, fi'xiu) S if^^^-'(§ — So); where u is 
the symbol of F (i.e. the identity map near So, where X and X' coincide). 

2) the index m itself is the value of the index character of K{K) on the 
element [m] = d{Pn,PQ',u). 

The first part has just been proved. The asymptotic index is ~ m(l — J)~^ for 
some integer m. 

To prove the second we go down to B2Ar. The bases of X,X' are the em- 
beddings Y+, YL of fl, rj' in B, which coincide near the boundary, and as above 
the puUback is an isomorphism Ky±{M) K^^{E> — So). The Bott complexes 
0x± descend as Bott elements I3y± on B, realized as Koszul complexes of pos- 
itive complex structure of the normal symplectic bundle u descends as an 
isomorphism near the boundary. 

The index m we are looking for is the K-theoretic index character of the 
difference element d(/3y_^ , /3y_ , w). This can be as usual translated in terms of 
cohomology, or as an integral; 




where w is a differential form with compact support, representative of the Chern 
character of our difference element rf(/3Y+ , Py^ , u) . 

We can push this down further. The construction can be made so that 
w = Id near the boundary, choose differential forms lo± with support in small 
tubular neighborhoods of Y± so that they coincide near the boundary (so as the 
tubular neighborhoods), so that u) is the difference w+ — W-. 

note that Y± are symplectic submanifolds, not complex; but all positive complex struc- 
tures are homotopic. 
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The integral v± of uj± over the fibers of the respective tubular neighborhoods 
is then a representative of the Todd class of Y±; and V- coincide near the 
boundary, so that the difference — V- has compact support in y = 1+ U YL . 

Finally our indc'x m. is the integral v as announced in Theorem 8. 

The integral can also be thought of as the constant limit — ^-^ 

where the subscript e means that we have deleted the neighborhood ^ < e in 
y+ and the corresponding image in YL. 

4.5 Appendix 

In this section we show how various symplectic extensions of /o are related. It 
is a little intriguing that, although in our proof, the extension / must be chosen 
rather carefully so that the asymptotic index of the corresponding Tocplitz FIO 
E is (asymptotically) the index of Eq, the final result, expressed as an integral 
on the bases glued together by means of / near their boundaries, depends only 
on the isotopy class of /, which is unique. 

4.5.1 Contact isomorphisms and base symplectomorphisms 

Let X be as above, with Xq the fixed point set of codimension 2. Near the 
boundary, X is identified with X — Xo x C and the base U{\)\X ^ O identifies 
with Xq X IR+; we have <j) = ti and the C-coordinate ist = e^^ (it is smooth on 
X). The contact form is Xx = Im ijdt — d4>) = (j)d6 + Xq, where Aq = —lmd(f) 
is a smooth basic form. The connection form is 7 = — and the base 
fl = Xq X M+ is equipped with the (basic) symplectic curvature form 

IJ, = d'y (with 7=^, Xq = -lmd(f>) . 

We will still use the symplectic cone oi X: this is E = charg ~ M_|_ x X, with 
Liouville form aXx and symplectic form its derivative, with the 1R+ coordinate 
a defined below: with the notation of Lemma 10, we have a = cf{A), i.e. <j{D) = 
acf) = TT, T = ty/a (as above D = jTg^ denotes the infinitesimal generator of 
rotations). We will also write in polar coordinates t = pe^^ [p — -/0a)- 

Let F be a homogeneous equivariant symplectic transformation of E: then F 
preserves a{D) = rf, so we have necessarily F^t = u t, with u invariant, \u\ = 1. 
F is then completely determined by its restriction to the boundary, since it 
commutes with the two real commuting hamiltonian vector fields Re Hr,lm Hr, 
which are linearly independent and transversal to Sq. 

Thus there is a one to one correspondence between unitary functions on the 
base ft and germs near Sq = char g of equivariant symplectomorphisms inducing 
Id on charfi - or equivalently of contact automorphisms of X inducing Id on 
Xo. 

If F is such a contact automorphism, the base map Fq is obviously a dif- 
feomorphism of O which induces Id on the boundary Xq and preserves the 
symplectic form p,. 
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The converse is not true. If Fci is a smooth symplectomorphism of O inducing 
the identity on Xq, we have Fq{^) = ^ + a with a a closed form. It is 

elementary that a = + /3 where c is a constant and /3 is smooth on the 
boundary. Locally on Xq, Fq lifts to X or S: the lifting is F : (x, r) i— > {x' , t' = 
Te^^) (9' = 9 + tp) where ^/i is a primitive of a (this is not smooth at the 
boundary, only continuous). It is immediate that conversely any a of the form 
above gives rise to such a contact isomorphism with smooth base map. (on S 
the horizontal (invariant) coordinates satisfy H^^i^f = 0; the horizontal part 
of the Hamiltonian ff^g.^ is -ire^'^idp - H^) (with = -ip^^dxj - ^xjd^j); 
finally dp — is smooth so the horizontal coordinates {x',^) are determined 
by smooth differential equations.) Summing up: 

Theorem 16 The map which to a germ of contact isomorphism F (near Xq) 
assigns the invariant unitary smooth function u such that F*t = tu is one to 
one (and continuous). In particular the homotopy class of F is determined by 
that of u (an element of H^{X,'Z)). 

The map which to a smooth germ of symplectomorphism Fq ( near Xq ) as- 
signs the closed one-form a = -\- smooth is one to one, the group of such 
symplectomorphisms is contractible. The contact lifting (which exists locally, 
and globally if a is exact) is smooth on Xq iff c = 0. 

The fact that this group is contractible (connected) simplifies the final result, 
namely: in the proof of Theorem 15 it was essential that the base map Fq have 
a smooth symplectic extension preserving r > 0; for Theorem 8 however any 
symplectic Fq will do since these are all isotopic. 

4.5.2 Example 

(A smooth symplectic automorphism of the base does not lift to a smooth 
equivariant contact automorphism of the sphere.) 

Let S bo the unit sphere in C^^"'^, with coordinates xq = t,xi, . . . , Xm- 
U{1) acts by t ^ e'H. The base is B = §/C/(l), the unit ball of C^. 
The contact form is Im tdt + A = (j)d6 + A with A = ^ Xjdxj , <p — tt — l — xx. 
The connection form is 7 = d6 -\- its curvature is the symplectic form 
fj, = d^ (on the interior of B). 

Let Fb be the diffeomorphism of B defined hy x 1-^ x' = Fb{x) = e^'^x, c a 
constant; this preserves (j) and the inverse is a; = e~'^^'^x'. We have 

A = Im {x{dx -\-cixd(j))) = A + c(l - 4>)d<i) 

Since d{l - 0)^ = 0, Fb is symplectic (F*/x = /j,). 

But Fb docs not lift to a smooth equivariant contact automorphism of §: 
such a lifting F must preserve the connection form, so it is of the form 

t e~*"t (6^ 9 - a) with a = cLog - + est 
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{da = c(l — (^)-^), and this is not smooth at the boundary t = if c ^ 0. 

Of course the reverse works: if F is a smooth equivariant contact automor- 
phism of the sphere § (or a germ of such near the fixed diameter E>q), the base 
map Fb is a smooth symplectomorphism of the ball B (up to the boundary). 

4.6 Final remarks 

1) The preceding construction applies in particular to the following situation: 

let V, W be two compact manifolds, and fo a contact isomorphism S*V — > S*W. 

We may suppose V real analytic; then S*V is contact isomorphic to the 
boundary of small tubular neighborhoods of V in its complexification. For 
example if V is equipped with an analytic Riemannian metric, and {x, v) t—^ 
ex{v) denotes the geodesic exponential map, the map {x,v) ex{iv) is well 
defined for small v and for small e it realizes a contact isomorphism of the 
tangent (or cotangent) sphere of radius e to the boundary of the complex tubular 
neighborhood of radius e (cf. [9]). 

The corresponding FIO's can be described as follows: as above there exists a 
complex phase function (f> on T*W x g^^j^ ^]^.^^ i'^ ^ vanishes on the graph 

of /o and d(j) = S^.dx — rj.dy there, 2) Im i.e. it is positive outside of the 

graph and the transversal hessian is ^ 0. (f> is then a global phase function for 
FIO associated to /o {cf) is not unique, but obviously the set of such functions 
is convex, hence contractible) . 

The elliptic FIO's we are interested in are those that can be defined by a 
positive symbol (or a symbol isotopic to 1): 

/ I— > g{x) = J e"^a{x, ^, y, rj) f {y)dydr]d^ with a > on the graph . 

The degree of such operators depends on the degree of a, but they all have the 
same index, given by the formula above. 

2) The formula above extends also to vector bundle cases: if E, E' are holo- 
morphic vector bundles (or complexes of such) on fl, fl' , fo a contact isomor- 
phism (90 do,') as above, and A a smooth (not holomorphic) isomorphism 
fo*E E' on the boundaries, the Toeplitz operator a i— » S'{Afo^a) is Fredholm 
and its index is given by the same construction as above. For this construction 
fo only needs to be defined where the complexes are not exact. 

In particular let O, O' have singularities (isolated singularities, since we still 
want smooth boundaries): we can embed O, O' in smooth strictly pseudoconvex 
domains f2, fl' of the same (higher) dimension; the contact isomorphism extends 
at least in a small neighborhood of dO, in dfl. The coherent sheaves Oq,Oq' 
have global locally free holomorphic resolutions on 0,0'; near the boundary 
these are homotopy equivalent to a Koszul complex, hence equivalent. 

The theorem above shows that the relative index is the K-theoretical charac- 
ter of the difference virtual bundle d([(!?a], [C'n']) (vanishing near the boundary). 
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Note however that the virtual bundles [On], [Ow] lie in the K-thcory of fl with 
support in fl (resp. ..). This can be readily described in terms of cohomol- 
ogy classes on fl etc. with support in Q, not on fl itself (the relation between 
coherent holomorphic modules and topological K-theory, or K-theory and coho- 
mology, is not good enough when there are singularities). 
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